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Now, using (7.4), we can write

ey 8y*

x 9t |-
ay 3., —const

atr fag—oonst = 8tr [y _oongs -+

+ Vet (Varir ) 88, (7.6)

Differentiating (7.2) with respect to 1 from the viewpoint of an observer with basis
3, f{assumed to be inertial), we find

= o ~ o .
8aps = Bir lauzconst + el ia —const T 25’1‘&!“&”{1’ ﬁaﬁ (i‘ ')

Formula (7.7} is a generalization of the classical Coriolis formula, which is established
to Newtonian mechanics and derived in Cartesian coordinate systems with orthonormal bases g,
and 3.

Formula (7.7) holds in both special and general relativity theory, in any curvilinear
coordinates.

If one uses the equality

Vavicp = Y3 (Vavp + Vova) + Yo (Vavs — Vla) = eqp + 0gp

where eg3 are the components of the rate of strain and e those of the rotation tensor in
translational motion in the volume I, the generalized Coriolis formula {7.7) may be written

as :
Baps = Bgr - Brel + 29?31 (eaﬁ =+ (‘)OLB} 9 {7.8)

where each term is represented in a tangible form.

Formula {7.8) retains its form when the accelerations are considered relative to a non-
inertial observer with basis 9.

Though based on the most elementary concepts of tensor analysis, the foregoing arguments
provide a more general result in a more general situation, with practically no computations,
at the game time demonstrating the reason for the appearance and nature of the "added"
acceleration in formula (7.8).

The motion of a moving point M is split up into absolute and relative motions owing to
the introduction of reference frames of translational motion; such frames may be introduced
holonomically, together with global time, or locally - and in general non-holonomically - for
each position of the moving point M.
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INVERSION OF LAGRANGE’S THEOREM FOR A RIGID BODY
WITH A CAVITY CONTAINING A VISCOUS LIQUID*

V.A. VLADIMIROV and V.V. RUMYANTSEV

The stability of the state of equilibrium of a rigid body with a cavity
partly or completely filled with a viscous Iincompressible liguid
possessing surface tension is cosidered in a linear form. Lyapunov's
direct method is used to show that the system is unstable if the second
variation of the potential energy can take negative values. A priori
lower and upper bounds for the solutions, when the perturbations are
increased, are obtained. The lower bound guarantees exponential growth
of the deviations of the solid and liquid particles from the equilibrium
state. The upper bound shows that the solutions cannot increase at more
than an exponential rate. In both cases the exponents are calculated
from the parameters of the equilibrium state and the initial data for the
perturbation fields.
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1. General description of the system. We are interested in the motion of a rigid body
with a cavity containing a liquid. We introduce a fixed (inertial) system of Cartesian co-
ordinates Oz z,zy and a moving system Oz, rigidly attached to the rigid body, with
its origin at a certain point O of the body. In Oznazzy coordinates the body and the cavity
occupy fixed regions +t; and 7. The boundary dv is the outer boundary of the cavity ()
and at the same time the inner boundary of the body (r;). The density of the body is given by
a function p = p (z,, z,, zs). The region 7T is completely filled with two liquids. At any
instant of time a liquid surface T divides 1 into two parts 1t and 17, containing liquids
with coefficients of viscosity u* and 7%~ and densities p' and p~. In <t the quantities
p*, n*  are constant, but across I" there occur jumps of density [pl=p*— p~ and viscosity
M=y —-v.

The curve y in which the surfaces dv and I intersect divides &t into parts o'
and ot . On the surfaces I, 1%, 67 the respective liquids have constant surface tensions
g, %, o, The symbols v and n denote unit normals to the surfaces I and &v, v being
directed from the liquid p* to p7, and n from 1T to m.

It is assumed that the rigid body is either constrained by certain stationary geometrical
constraints or is free. The number of degrees of freedom is denoted by n (» < 8). The
position of the system is given by the generalized coordinates of the body g, {az =1,..., n)
and the relative coordinates of the liquid particles z, (1 =1, 2, 3).

As indices we shall use letters of the Greek and Latin alphabets. The former take values
from 1 to n and correspond to finitely indexed degrees of freedom. The latter vary from 1 to
3 and denote components of vectors and tensors. Throughout we shall employ the summation
convention with respect to repeated indices (both Latin and Greek). The following abbreviated
notation is adopted for functions:

9 ("rk: 9(1,) =¢ (xls Loy Tgy 1z » « oy Qri)

The position of a material particle of the body or the liquid relative to the fixed
system of coordinates Oz z,/z,’ and moving system of coordinates Ozz,z, 1is given by the
vectors ' and r, respectively. With this notation we have

Y=r + l‘o' =r (Qw x,) (1_1)
where r," 1s the radius-vector of the point 0 in the system O z,'z, x5 . Differentiating
{1.1) with respect to time, we obtain

v=vVs+e@Xr4u 1.2)

where v, is the velocity vector of the point 0 of the body, ® is the instantaneous angular
velocity vector, and v and u are the velocities of the material point relative to the co-
ordinate systems O’z z,’zy, and Ozz,7,. For points of the rigid body.m == 0. We have

v =z, wo=ugd, V=i (1.3)

where § are unit vectors along the axes Oz;.
When the body and the liquid are in motion, small increments to ', x and g, are
related by the equation

N ar
Ar' = -;;;—A.t‘ -+ T’a Aqq, (1‘4)

and the corresponding relation for the velocities is

_ & . o Gy
V—-;;Ui%“*?a—lhy Jo =g {1.5)

Forces exterior to the "body + liquid” system are applied both to the body and to the
liquid. The forces acting on the body are characterized by their potential energy II, = 11, (gq)

and'dissipation'ful?ct;:mn R, {gs. g8’), where the dissipation may be either complete or partial.
Acting on the liquid is an external field of body forces with potential (+'). Substituting
(1.1) into the potential of external forces applied to the liquid, we obtain

D (' (gor 2))) = I, (ges, 3) (1.6)
The potential energy of the system is given by
0, =11, + {pdv + 1,* .7
k1
D*=o|T |+ || +e [0 ]
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where |T |, {d1*| are the areas of the appropriate surfaces; the potential energy of the
surface tension forces IL* is independent of g,.
The kinetic energy of the system is expressed as

To=1, Spv”dr =T+7T, Q=n{T, (1.8)
o

Ty=T1{¢qp) To= SPTodT’ T° = Yyv? = T° (qu. 98"y 21 1tz)

T

where 7, and pI° are the kinetic energy of the body and the density of the kinetic energy
of the liquid; the index n attached to II, and 7, corresponds to energy values in the non-
linear problem; by integration over the region Q we mean the sum of integrals over the
regions T,, 7%, t7; the coefficient p in {1.7), (1.8) for each of these integrals takes the
value of the appropriate density: p=1p, (%) in 7,p==pt in Tt

2. The equations of motion of the system. When there are no dissipative effects, the
equations of motion of the system are those derived in /1, 2/. Allowance for the viscosity
of the liquid and the dissipative nature of the external forces applied to the body leads to
the equations

B i3 n
at g, [ T T 2.1y
P‘% + eyt = — 6;:3 + i?: , ZZ: =0 p 1t (2.2)
Oy = — pOy + 0Dy D,,:E_g%+f£k:_, %E-—%—%—uk aik
in which v, @ and 1II, are as in (1.2), (1.6), p is the pressure and e;y is the absolutely

antisymmetric unit tensor. The rank 3 (pseudo=-) tensor e,;; 1is the totality of gquantities
with the following properties: interchanging any two indices changes the sign of egj;eqs = 1.
The boundary conditions for the liguid are as follows:

dFidt = 0, loglv = 20Hv,, [yl =0 on T (2.3}
2H = R, + Ry
uw=0ondrt; 9F/dt=0ony (2.4F

where F (xy, &y, 24,8) =10 is the equation of the surface T;H, R,, R, are the mean curvature
of T and its principal radii of curvature at the point in question. The quantities R, and
R, are assumed to be positive if the centre of curvature lies on the same side of the surface
as the ligquid p*, negative otherwise. The curve y 1is the intersection of the surfaces &t
and T.

The boundary conditions on the solid surface gt for a viscous capillary liquid have
not yet been established uniquely, and the matter is still controversial /3-8/*. (*See also
Voinov 0.V., Hydrodynamical Theory of Wetting. Preprint 179, Novosibirsk, Inst. Teplofiziki
Sib. Otd. Akad. Nauk SSSR, 1988.) Formula (2.4) corresponds to the simplest version of the
boundary conditions used in the literature /7/. More complicated formulations will be dis-
cussed in Sect.1l.

The solutions of problem (2.1)-{2.4) satisfy the energy equality:

En. == ’_Dn e qa‘aRn/aqa.; En = Tn + Hrn (2‘5)
2D, = { Dy Dud

T

The quantities 7T, and II, are defined in {(1.7) and {1.8).
We shall assume that all quantities in (2.1)-(2.5) and below have been reduced to non-
dimensional form by suitable scaling.

3. Equilibrium states and the second variation of the potential emergy. The stationary
points of the functional II, (1.7) correspond to the equilibrium (rest) states of the system:

Go =0, g =0 (3.1)
u=0, p=pglax)i Vps = —pV® int,*
[pel = ~20H, [pls0 onT
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where I, is the equilibrium surface of the density jump, which divides the region % into
parts 1,8 Egs.{3.1) determine the exact solutions of problem {2.1)-{2.4).

The first and second variation of the potential energy II, (1.7) depend only on the geo-
metric parameters of the system. The first variation &Il,, evaluated in the rest state {3.1),
is zero. Calculations of the second variation lead to the expression /2/

3.2)

&I, = ( ai; 3, ) 8qu8qp -+ 8¢a.[p] S( ) SNdS +
[g_]S ( oll, ) ON»2dS + — ﬂ {a (BN + V (8N, ON)} dS ..Z_S % (SN2 dl

T, T, Ys

8N = 8rev, Bll/ov = (W) 11,
a= R;"* + Ry, y = (kcos® — F)/sin 6

in which &r and 8¢y, are the virtual increments of the radius-vector of relative coordinates
of the liquidparticles and the generalized coordinate g,; the zero index corresponds through-
out to the values of the functions at equilibrium, y, is the intersection of the surfacesT,
and gt, 8 is the contact angle, Xk and & are the curvatures of the normal sections of the
surfaces I, and dt along the directions e and e,, the vectors e and e; in turn are normal
to the curve y and lie in planes tangent to the surfaces I, (directed out of I;) and &
(directed out of 41,7), respectively, and V (8N,O0N) 1is the first Beltrami differential par-
ameter /9/.

4. Pormulation of the linearized problem. We present a brief derivation of the linear-
ized version of problem {2.1)-{2.5) in the equilibrium state (3.1}.

Linear perturbations of the velocity fields v(z, 1), u{z,#) satisfy the following
equation, which follows from {1.3) and (1.5):

v, = Uyt Gefe’s G = (00 /80a)odie (4.1)
The functions v (z;, %) and ulzx, ) are defined for ;&1 and =z, € 1,5, with
u=10 for =z; &1, The expression for the first (quadratic) term in the expansion of the

kinetic energy is obtained by substituting (4.1) into the definition (1.8):

i 1 .. .
T = S poiUdT = - Moplu gp” -+ %S o (uyity -+ 2axaltyda ) 4T (4.2)

2 kA

Mop = S POkt =1y U 0" U to”
Q2

To derive the first term in the expansion of the potential energy (1.7}, we must consider
the field of displacements, i.e., the linear increments to the coordinates of a material point,
reckoned from its equilibrium position. Retaining the notation (1.4), we write

A =r —X'=§, Azni=z.—Xi=0, Afa=¢u

where X', X, are the radius-vectors and coordinates of the material points at eguilibrium.
As a corollary of (1.4) we have

B = L+ ffa, E = Bl {4.3)
in which we have made use of (4.1) and (1.3). The fields of displacements §; (xy, {) and
Li (x4, ) are also defined for z; &7, and z; & 1%, with §, = for z; &v;. The fields
(4.1) and (4.3) are related by the equations
Bu = 0% (2, 1/0F == v (Bxa 1), Lie = w4 (1, 2) (4.4)

whose simple form is a consequence of the fact that the problem is linearized with the system
at equilibrium {3.1) {/10/, Sect.l13).

The first term in the expansion of the potential energy II, near the rest state {3.1)
is known to be the second variation &%, (3.2), in which we must substitute &g, —go, 8z, —>
L., 6N > N:

I *%‘(a: gg ) godls + [P]QGS( s } NdS + (4.5)

T,

{E—JS ( a1, ) NS+ 2 3 {aN? - V(N, N)}dS + SXN?-&;, N=tw,
Fe
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and in our model (2.4), (1.5) the integral over 7y, in (4.5) vanishes.
Egs.(2.1) and (2.2), linearized by (4.1}, become

v aR
Moggs” + 5 Pxalyndt = — i (4.8)
gt ’ 81l
n
() [p]lS( T ), brvondS
o - i :aolk 8, 0 in o (4.7)
Bite = Loee + Qe = — T-—E‘x—, 7’;\7:; = 1n 14 4.8

Ty = ““Fézk + nD g, 2R = Cag?a“]fs.

where p = p{zy,t) 1is the field of pressure perturbations, R the dissipative function in the
linear approximation, which is the first term in the expansion of the complete dissipation
function Ry, (¢, gs) (2.1), cap are constants. Eq.(4.6) is obtained by substituting (4.2),
(4.5) and (4.8) into (2.1).

Linearization of conditions (2.3) gives

}0+qm(§;‘; )b Bl=0onr, (49)

[6ix] v + o {alV — AN)v; = fp}{‘:x ( Zf:

where A is the second Beltrami differential parameter /9, p.190/, and the part of (4.9) that
contains it is derived by using the formulae for the variation of curvature /9, p.276/.
On @&t the no-slip conditions hold:

E=0on dt {4.10)

The initial data for (4.6)-{4.10) are written as

§ (2, 0) = E° (z4), & (s O) == 0 (zg) (4.11)
ge (0) = ga°, go (0) == g

where the functions {°, u° must obey obvious kinematic constraints, and ¢, and ¢,° are
arbitrary constants. Based on (4.11), (4.1) and (4.3) one evaluates the initial data

Bz, 0) = 8 (z0), ¥ {zw, 0) = v° (z) (4.12)

In solutions of problem (4.6)-(4.12) one has the energy equality:

Fe=—2R—D; E=T+1, 2D= {nDuDydr (4.13)

T

where 7,11 and R are defined in {(4.2), (4.5) and (4.8).

The aim of the subseguent account is to establish certain facts about the growth of
perturbations of the (unstable) equilibrium state (3.1)., on the assumption that the potential
energy functional II ({4.5) has no minimum there. It will be assumed that the equilibrium
states in question are such that there exists a set § of displacements {f (z), ¢z} for which

(4.5) gives
N<0 for {L{zm) g} =0 (4.14)

and if {§ (%), gu} & @ inequality (4.14) may be replaced by the reverse inequality, i.e.,
state {3.1) is an infinite-dimensional analogue of a "saddle" point for the functional II .

5. Basic functionmals and the gemeralized virial. To apply Lyapunov's direct method, we
define the following functionals M, W, G and X and the function ¢ :

. (5.1)
M= S pgi&d’l', '521— =Ws= S pgiw;d'r,
Sl 2
> . 3, o,
26 = é WGaGads, G = 2=+ 5z

X=M 424, ZA=G+9, @ =Capfads: To=To UT Qo =71,U"%

where the relation M = 2W  follows from (4.4), ( and ¢ are by definition non-negative,
and c¢gg are defined in {4.8). According tc /11/, the functional W we can written as
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ar
W= F + § pviidt (5.2)

Differentiation of X with respect to time and subsequent reduction using {5.1), (5.2},
(4.2) and (4.5)-(4.10) vield
X =4 (7 ~ II) = 8T — 4E (5.3)

When there are no dissipative effects, equalities of this type are known as virial
equations /10/. We may therefore call (5.3) a generalized virial equation.

6. A linear bound for the growth of perturbations. Under conditions {4.14), the
simplest bound for the growth of the solution, which indicates instability, is obtained by
integrating (5.3) with Z (0)« 0. The decrease in E (f) with time (4.13) implies E @) <
E (0) << 0. It then follows from (5.3) that

X >X0+41EWO) ¢
Hence, after using the inegquality X < X,= M -+ 27 + 24, we obtain the required bound:

LO>XO+41E20) 1t 6.1)

in which we can always choose X (0) = M (0) 4+ 24 (0) > 0.

Since the functional X, is positive, inequality (6.1) guarantees that the perturbations
will increase linearly in the mean square. At the same time either the velocities v, ¢u,
the displacements §;, ¢u, the liquid strain tensor §,, or various sums of these magnitudes
will increase. The definition of instability will then involve not only increasing deviations
of the liquid particles from their equilibrium positions, but also increasing derivatives of
these deviations throughout the volume of the liquid. Below we shall present a bound for
the growth of the perturbations which will involve only displacements and velocities.

?. Fundamental inequality. Multiply Eg.(5.3) by an undetermined constant multiplier
A and add the result to the energy relation (4.13). After some simple algebra we obtain

LT M) =— (M —T) =D — R, .1
Ty =27 — MM+ A2M = § p (&, — AE) dv, 211, = 201 + 240 + M
Q
Dy=D— )G + MG = S (D — MGy dr
Ts
By =20 — M+ Mg = cap (g’ — Ma)gs” — Mp)

We will now require that A >>0. Then, since Iy, A» and T) are non-negative, Egs.{7.1}

yield the ineguality s
E)k < 2?&E1; E;A_ = T;‘ + ﬂx {7.2)

integration of which gives
Es (2) < Ex (0) exp (2M) (7.3)

We emphasize that inequality {7.3) holds for any solutions of problem {4.6)-({4.12) and
for any positive values of the parameter A, Moreover, we have not yet imposed any restrictions
on the sign of the potential energy functional II.

Since the quantity E, varies monotonically, it can be used as a Lyapunov functional.

8. The lower bound for the growth of perturbations. Let us assume now that inequality
(4.14) holds. We choose the initial data {4.11), (4.12) from the set @ (4.14) so that 1 (0)<
0. We assert that in that case one can always choose Ej (0)<<0, after which it will follow
from (7.3) that the perturbations increase at an exponential rate.

By {7.1), we have

E{0)=EQ+rB0)+MM({0), 2B=24 - M (8.4}
Choose the initial data for the velocities so that T(O)<<{HL(0)], i.e., E(0)< 0.
Then £, (0) (8.1) is a second-degree polynomial in A in which the coefficient M0} of A

is posi!:ive and the free term K (0) is negative. Therefore the conditions A>0, By (0) <20
are equivalent to the following admissible range of A values:

0 << h<< Ay = —Y,BIM + V(L BIMY — EIM (8.2)

Obviousl.ty, A; >0 for any initial data with E (0} < 0. Under these conditions the
value of A, is a lower bound for the increment. Indeed, if A= A, — 8 I{where § is any
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number in the interval 0<<d << A)), inequality (7.3) is written as
Ep-s (1) < Eas(0) exp [2 (A, — 8) ¢l (8.3)
where Ej_5(0)<<0. It follows from the fact that 7} is non-negative and the definition of
I, (7.1) that
Ev@)=Ta(t) + IL () > I1()
and this relation, together with (8.3), yields
II (1) << Ea-s (0) exp [2 (A, — &) t] (8.4)

This inequality implies that the potential energy II decreases without limit in its
region of negative values. The drawback of (8.4), however, is that the definition of II
(4.5) involves not only deviations of gs, N, but also the derivatives of the deviation V (N,
N). At the same time, it is evident that dropping the term with V (N, N) from II only
strengthens inequality (8.4). Taking the moduli of the negative quantities and reversing the
sign of the inequality, we infer from (8.4) that

IT#)>11,(t) > | Ess(0)]expl2(A, —8)1] (8.5)
= o+ 2 48§ 2], s,

I T,
1= C(qaqa + S NZdS> , C =const >0

1,

From (8.5) we conclude that the rest state (3.1) of the "body + liquid" system, when the
potential energy (4.14) has no minimum, is unstable in the linear approximation in the mean
square with respect to the deviations ¢, N. Under these conditions the increasing pertur-
bations are bounded below by an exponential function with increment A, —§ (8.2), depending
only on the initial data.

We now consider the solutions of (4.6)-(4.12) for which the initial field of velocities
v and displacements § at each point satisfy the equations

v (zx, 0) = §¢ (zx, 0) = AE (zx, 0) (8.6)

It follows from (7.1), (8.6) that 7, (0)=0, E, (0) =1, (0). The conditions >0, E, (0) <0
are then equivalent to restricting A to the interval

0<<h <A (8.7)
Ae A V(iz 2 — 20T
=-w*t M)_ M T 4 yEFE M
where the fact that A 1is positive is guaranteed by the choice of II(0) < 0. Taking A=A—6

with any number § in the interval ¢« 6< A, we write (7.3) as
Ey @ <Ly g (0)exp 2 (A —8) 1]
whence we obtain the following bound, instead of (8.5):
ITO>|L©) >0, 40 [expl2(A—8)¢] (8.8)

It will be shown later that the lower bound for the growth of the perturbations with
increment (8.7), (8.8) is in a certain sense the maximum admissible such bound.

9. The upper bourd for the growth of perturbations. The fundamental inequality (7.3}
also implies an upper bound for increasing perturbations. The idea underlying its derivation
is to find a value of A such that the functional (7.1) is positive definite for any dis-
placement fields {, .} The functional £, will then also be positive definite, and, as a
corollary, (7.3) will yield an upper bound for the perturbations.

The problem of determining the sign of I, was considered in Sect.8. The conditions

A>0, 1, >0 for N« 0 are equivalent to the inequality i > A. Define A* by
Ar = supQA (9.1)
Then if A>A* we have II, >0 for any displacements {8, 9,) =0@. Thus, the functionals

n, and E, will be positive definite for all possible displacements {£, ¢} if A= A*t+e
for any real &>0,
Using the fact that &,, . is positive definite, we obtain the desired bound from (7.3):
Epipe () < Eppyq (0) exp [2 (A* - 2) 2]

and this inequality may be reduced, using the inequality m,, >0, to the intuitively clearer
form
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2T pupp () + (2EA* 4 &) M () + & (G+ ) S2E p4y, (0) exp [2 (AT +2) 1] 9.2
Obviously, the mean square growth of the perturbations is bounded above by an exponential
function with increment A+ e.

10. Properties of the functional A. A necessary condition for the existence of a
finite supremum A+ as in (9.1) is that the function A (8.7) must be bounded above on the
set @ (4.14). For simplicity, let us confine our attention to the case of a fixed vessel
(2 =0) with a free surface (p-=0). The desired bound is derived using the relations

% “L,(I‘.) <Cil% [IHx(1,+): & ||HI(1:,+) <66 (10.1)
. o, ot
188y < S (aig, + %, o, ) dt, JEB o= S Bty dv
T r

which hold for any fields §(a) & H* (r,*), where (;, C; are constants. Inequalities (10.1)
are derived, e.g., in /12, p.138/ and /13, p.45/. The second inequality is a modification
of Korn's inequality; an important point is that it will be valid even if §=0 on only part
of the boundary of 1,*. As to A (see (8.7)), we obtain, using (10.1) and (4.5),

o (10.2)

A
~ ey S 1879 A Cullnl€ < 4CC
T

o
Ay = opt| ming a|

A

The bounds (10.2) for A and A* together with inequality (9.2), imply that the rate of
growth of any perturbations of the class under consideration is bounded, and so the solution
depends continuously on the initial data. For comparison, it should be mentioned that an
ideal liquid with no surface tension does not have this property; there exist shortwave
perturbations that increase as rapdily as desired (Rayleigh-Taylor instability /14/). The
bound (10.2) is due to S.Ya. Belov.

Another interesting property of A, A (8.2), (8.7) is particularly evident when the
generalized coordinates g ,(z=1,...... ,n) include at least one cyclic coordinate gq,. By
definition, the potential energy II (4.5) of the system does not depend on this coordinate.
At the same time, A depends on that coordinate through the quantity 24 =G+ ¢, ¢ = caplalp:
Therefore, a displacement in the origin of the cyclic coordinate ¢, —g¢, + ¢ will generally
cause A to change. This property of the above bounds follows from the corresponding non-
invariance of the generalized virial Eq.{5.3). The implication is that for every realization
of the initial data (4.11) it makes sense to find the largest values of A,, A, corresponding
to g, =0.

aThe situation is considerably more complicated if allowance is made for the "analogues"
of cyclic coordinates in a liquid, which always exist. It is obvious from (4.5) that the
values of II do not vary under all transformations of the functions (e, which leave the
field of normal displacements N (z) on the surface T, invariant. For example, in (8.7) II
does not change, but G changes under a transformation {— ¢ :

T (20 1) = (200 1) -+ Bo(2)

with any field & (zx) satisfying the relations

div § = 0 intyt; &, = 0 onar,
N =v§p=00nT,

In actual fact, this transformation reduces to a redefinition of the equilibrium positions
of the liquid particles. Here again, therefore, for every realization of the initial data
(4.11) it makes sense to find the largest values of A,;,A corresponding to the given initial
distortion of the boundary N (sx). It is precisely these maximum values that yield the best
lower bound for the growth of a given perturbation. In accordance with the representation
for (8.7), the variational problem reduces to finding the minimum of G given X (ry) on I
and subject to the normalization condition M =1.

11. Models with moving a line of contact of three media. Let us return now to the
general formulation of the problem as in Sects.2-4. The assumption that the curve vy is
fixed (2.5) is contrary to experimental data /4-8/. However, allowing it to move, while at
the same time assuming that the liquid satisfies the no slip condition, gives rise to a con-
tradiction (infinite dissipation D, (2.5) /3/). Considerable efforts have been made to
overcome this contradiction /5-8/, but as yet no stable models (valid over the entire range
of velocities) are available.

Below, in order to obtain bounds for the development of instability, we shall use three
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models with a moving curve vy, in each of which the dynamic angle of contact ¢ is assumed to
be constant (the Dupre-Young condition):

c0s 0 = (0= — o*)/o (11.1)
In the first model we adopt Navier's slippage condition /5, 6/, according to which the
velocity of the liquid at the surface 41 1is proportional to the shear stress W, = ogny —
OkmPkRmad
B = —xu, ¥ = const > 0; u-n = 0 on dt (11.2)

Two other modifications of the boundary conditions are models with a given slippage
interval /5, 6/, according to which the rigid surface ot is divided into two parts: in a

strip o, () (of width 2@ with middle curve y,B = const) either the Navier slippage condition
holds or the shearing stresses vanish; in the other part & = 41\ a1, (B) there is no slip:
u= 0 ongr; uen= 0, 4 = — %u on oty (11.3)
u=00n4r; un=10, p=0 ondr, (11.4)
where x=x%¥ in (11.2), (11.3) for the liquids with densities p%*. Conditions -(11.4), a

special case of (11.3) with =0, is essentially the same as the developed in /15/.

Thus, Egs.{2.1)~-(2.3), (11.1), plus one of conditions (11.2)-(11.4), furnish three more
possible formulations of the exact problem. Relative to solutions of any of these problems
the energy equality (2.6) is replaced by the relation

E'=—D —D/'—q, R [6g,, D '= S nu u,dS
Oty
in which p,’ is the dissipation of energy due to surface friction. 1In model (11.2) dry = ot ;

in models (11.4) or (2.4), (2.5) Dy =0.
The linearized versions of these three models include Egs.(4.6)-(4.9), to which one must
add the linearized Dupre-Young condition (11.1) /4/:

ON/de + yN = 0 on y, (11.5)

where vo % ¢ are defined in (3.2).

Conditions (11.2)-(11.4) retain the same form when the problem is linearized, and together
with (4.6)=-(4.9), (11.5) give three new formulations. For the solutions of any of these
problems (4.13) is replaced by

E—e—D_D_2R, D= S xuu,dS (11.6)
Otyg

The notation is the same as in (4.13), except that in 1 (4.5) the last term (the integral

over 7y,) does not vanish.
The generalized virial Eq.(6.3) maintains the same form in these models, except a new

term appears in the functional X:

X=M1L6Glo+V, VES ;L dS 1.7y
6‘tw

As a consequence of (11.6) and (11.7), new terms also appear in (7.1) and the definition
of II,:
didt (T + II)) = —24 (T) — I,) —D, —R, — D,/ (11.8)
Dy =D — AV 33V = S % (§, — M) &S
[
2, =211+ 204 + MM, 2A =G+ ¢+ V

At the same time, since D,' is non-negative, the fundamental inequalities (7.2) and (7.3)

remain unchanged.
In accordance with (11.8), only the definition of A an estimates (8.2), (8.3),(8.5), (8.8)

and (9.2) changes, and I (8.6) must also include an integral along v

1=C (000 + {Vas+  woai)
i Yo

Thus, the results of Sects.8 and 9 remain valid even when the no-slip conditions for the
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liquid at the rigid boundary & are relaxed.

Remarks. 1°. The fundamental inequalities (8.5), (8.8) and (9.2) have the nature of a
priori estimates,since the appropriate existence theorems for the solutions have not been
proved.

2°. The bound (8.8) for the increments when there is no dissipation (an ideal liquid)
was obtained previously by other methods /11/.

3°. The condition adopted in Sect.ll, according to which the dynamic angle of contact
is constant, is one of the models used in /3-8/. An analysis of this problem is beyond the
scope of this paper. Nevertheless, the generality of our account enables us to hope that
the hydrodynamic analogue of the inversion of Lagrange's theorem should be valid for other
boundary conditions on 41, provided that they admit of linearization and are compatible with
the non-increasing energy condition.

4°. One of the general qualitative conclusions from the form of the bounds {8.5), (8.8)
is that the presence of a perturbation with negative potential energy ({(4.14) will cause
instability to develop for as large (but finite) values of the dissipative coefficients n¥,
ui,caﬁ as desired. 1In other words, an increase in the dissipative factors will not stabilize
the system.

The authors are indebted to V.V. Pukhnachev and S.Ya. Belov for useful discussions.
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